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Abstract — We present a multiple-scattering solver for non-convex ge-
ometries such as those obtained as the union of a finite number of con-
vex surfaces. The algorithm is a reformulation, using finite elements,
of the integral equation technique proposed in [1]. It is based on an
iterative solution of the scattering problem, where each iteration leads
to the resolution of a single scattering problem. At high frequencies the
solution of each single-scattering problem can be greatly accelerated
thanks to the phase reduction technique.
I. INTRODUCTION
Solving multiple-scattering problems at high frequencies is
a challenging problem, especially when the wavelength is
significantly smaller than the size of the scattering obstacles.
For non-convex geometries obtained as the union of a fi-
nite number of convex surfaces, an efficient algorithm was
proposed in [1] based on three main elements: 1) an itera-
tively computable Neumann series for the currents induced
on the scattering surfaces, which accounts rigorously for
multiple scattering; 2) a generalized ansatz that allows for
a priori determination of the highly oscillatory phase of the
currents in each term of the series; and 3) use of the single-
scattering boundary integral solver from [2] for the efficient
evaluation of each one of the terms in this series.
In this paper we present a reformulation of this algorithm
using a finite element approach, which requires a funda-
mental rethinking of steps 2) and 3) since the fields are to
be computed in the volume instead of only on the bound-
ary of the scatterers. This new finite element approach ex-
hibits many interesting features, amongst which possible ex-
tensions to non-homogeneous media and more complex ge-
ometries. Also, the proposed finite element formulation uses
standard basis functions and can thus be easily implemented
in existing finite element codes.
II. MULTIPLE-SCATTERING ITERATIONS
We investigate the numerical solution of the time-harmonic
acoustic scattering problem of a plane wave uinc(x) =
eikα·x, |α| = 1, by a collection of impenetrable obsta-
cles Ω−i ⊂ R2, i = 1, . . . , N , with closed boundaries Γi
(a TE-electromagnetic problem). Setting Ω− = ∪Ni=1Ω−i ,
Γ = ∪Ni=1Γi and Ω+ = R2\Ω−, the boundary value prob-
lem reads:
∆u + k2u = 0 in Ω+,
u = −uinc on Γ,
lim
|x|→+∞
|x|(∇u · x|x| − iku) = 0.
(1)
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Instead of trying to solve (1) directly, we look for the so-
lution in terms of the series u =
∑∞
m=1
∑N
i=1 u
(m)
i , where
u
(m)
i is the solution of the problem:
∆u(m)i + k
2u
(m)
i = 0 in R
2\Ω−i ,
u
(m)
i = s
(m) − r(m)i on Γi,
lim
|x|→+∞
|x|(∇u(m)i ·
x
|x| − iku
(m)
i ) = 0,
(2)
with
s(m) =
{−uinc for m = 1,
0 for m > 1.
(3)
and
r
(m)
i =
m−1∑
n=1
N∑
j=1
j 6=i
u
(n)
j −
i−1∑
j=1
u
(m)
j . (4)
In other words, we perform a Gauss-Seidel-type iteration
where at each step we solve a scattering problem around the
single obstacle Ω−i , using the fields scattered from the other
obstacles as boundary condition [3].
As each correction u(m)i can be interpreted as the correc-
tion introduced by the m-th wave reflection [1], the iteration
can be stopped when the norm of all corrections at step m is
smaller than a prescribed tolerance.
III. FINITE-ELEMENT SOLUTION
Any standard finite element code can be used to solve (2).
We use the approach proposed in [4], where each correction
u
(m)
i is decomposed into a source and a reaction part, leading
to the implementation of the Dirichlet boundary condition on
Γi using a volume source in the weak formulation, on a layer
of elements connected to Γi.
If the obstacles Ω−i are convex each step in the iterative
process can be accelerated by using the phase reduction (PR)
procedure proposed in [5]. Indeed, if Ω−i is convex then (2)
amounts to solving a single scattering problem in R2\Ω−i .
The PR procedure approximates the phase of the solution of
the single scattering problem and replaces the original un-
known of the scattering problem with a slowly oscillatory
amplitude, which can be represented on a coarse grid.
IV. NUMERICAL EXAMPLE
We consider the scattering of a plane wave eikx on an ar-
ray of 2 × 2 circular cylinders of radius R = 1, separated
by a distance d = R. We use a Bayliss-Gunzburger-Turkel-
like radiation condition to truncate the infinite domain. Fig-
ure 1 shows the corrections u(m)i for m = 1, 11, 21 and
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Fig. 1. Iterative solution around four circular cylinders (radius R = 1) for an incident plane wave arriving from the left, with wavenumber k = 10. Left:
Real part of the corrections u(m)i for m = 1, 11, 21 (top to bottom) and i = 1, . . . , 4 (left to right). Right: Real part of the final solution.
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Fig. 2. Number of iterations versus wavenumber k, for a tolerance on the
L2 norm of correction equal to 10−3.
i = 1, . . . , 4 for k = 10, as well as the final solution. Of
particular notice is how each correction is clearly the solu-
tion of a single scattering problem.
Figure 2 shows the convergence of the iterative process
for wavenumbers k = 0.1 to k = 50. At low frequencies the
algorithm diverges for some values of the wavenumber. At
higher frequencies the convergence improves and the con-
vergence rates are in agreement with the theoretical rates de-
rived in [6] in the asymptotic (infinite frequency) case.
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